
THREE SETS NEEDED TO MAKE ALL SERIES TEND TO INFINITY

TRISTAN VAN DER VLUGT

This is a summary of my efforts to answer the following question asked by Will Brian:

Question 1. Does there exist a finite set A of conditionally convergent series such that for any

infinite X0, X1 ⊆ ω there exists a conditionally convergent series
∑

a in A such that
∑

a ↾ Xi does

not tend to infinity for either i ∈ {0, 1}?

For a conditionally convergent series
∑

n∈ω an, I will use the shorthand
∑

a. For a subseries∑
n∈X an, I will write

∑
a ↾ X. I often will conflate to the sequence a with its infinite series

∑
a.

Let
∑

|a| refer to the series
∑

n∈ω |an| of absolute values of a. Let me also define:

• a tends to ∞ if lim inf
N→∞

(∑N
n=0 an

)
= ∞,

• a tends to −∞ if lim sup
N→∞

(∑N
n=0 an

)
= −∞,

• a tends to infinity (or tends to ±∞) if a either tends to ∞ or to −∞.

When I write a sentence like “a tends to ±∞ and b tends to ∓∞”, this is implied to be shorthand

for “a tends to ∞ and b tends to −∞, or a tends to −∞ and b tends to ∞”, that is, the choice

between + and − in the symbols ± and ∓ is made consistently in the same direction throughout

the sentence.

1. Needing Two Sets

The following theorem has a positive answer, as described in the final section of [Bri18]:

Theorem 2 (Nazarov). There exist a set A of cardinality 4 of conditionally convergent series

such that for any infinite X ⊆ ω there exists a conditionally convergent series
∑

a in A such that∑
a ↾ X does not tend to infinity.

In essence, the proof is based on the existence of four series a,a′, b, b′ where the series a and a′

control the behaviour of b and b′ in the following sense:

(1) a and b have the property that for any infinite X ⊆ ω and m ∈ ω, if a ↾ X tends to ±∞,

then there are infinitely many mutually disjoint finite intervals I such that∑
|b| ↾ min(I) ≤ ±

∑
b ↾ (X ∩ I).

Let us refer to this property between a and b as a pushing b.
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(2) a and b′ have the property that for any infinite X ⊆ ω and m ∈ ω, if a ↾ X tends to ±∞,

then there are infinitely many mutually disjoint finite intervals I such that∑
|b′| ↾ min(I) ≤ ∓

∑
b′ ↾ (X ∩ I).

Let us refer to this property between a and b′ as a repelling b′.

(3) a′ pushes both b and b′.

This now implies the result of the Theorem by noting that whenever a ↾ X and a′ ↾ X both tend

to ±∞, then b′ is pushed by a and repelled by a′, hence b′ ↾ X diverges by oscillation. On the

other hand, if a ↾ X tends to ±∞ and a′ ↾ X tends to ∓∞, then similar reasoning shows b ↾ X

diverges by oscillation.

We may draw the relation between the four series in as digraph with two types of edges (an

edge-coloured digraph), where uninterrupted arrows represent pushing and dashed arrows represent

repelling:

a a′

b b′

A given subset X ⊆ ω induces a partial colouring of the vertices of the above graph, where we

may assign the colour red to series if the subseries given by X tends to ∞ and the colour blue if the

subseries tends to −∞. The goal of having all series tend to infinity at the same time, corresponds

to a colouring of the vertices that is both total and consistent with the edge relation: any arrow

x y should have y be coloured the same as x, and any arrow x y should have y be

coloured the opposite from x.

a a′

b b′

a a′

b b′

a a′

b b′

a a′

b b′

It is clear that such a total colouring does not exist, as witnessed by the above 4 options of

colouring a and a′, but we may partition the above graph into two subgraphs, each of which can be

totally coloured; e.g. {a,a′, b} and
{
b′
}
, but since any three series can be made to tend to infinity

by the same subset, any partition suffices.

2. Needing More Sets

I want to explore the possibility of a solution based on the principal idea of a series pushing or

repelling another. In doing so, the structure of the set A can be represented as a digraph, as in last

section. My hope is to find a suitable digraph that has the potential of representing the pushing

and repelling, but for which no partition of the graph into two subgraphs admits a total colouring.
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Not every digraph can be realised by pushing and repelling of conditionally convergent series.

If we assume some basic properties of pushing and repelling that seem to be suggested by the

construction in [Bri18], we can assume that digraph realisable by some series are acyclic and

transitive. Moreover, such digraphs should be decisive in the sense that if a vertex v can reach a

vertex w, then the path from v to w is unique: this is because a series b cannot be both pushed

and repelled by the same series a.

Given series a and b, let me write “a pushes b” as a push b and “a repels b” as a repel b. In

diagrams, I will represent push by uninterrupted arrows, and repel by dashed arrows.

I will make my notation for digraphs precise, but since I am not very familiar with graph theory,

perhaps my naming conventions are unorthodox.

Definition 3. An edge-coloured directed graph with 2 colours (short: 2-digraph) is a triple (V,E0, E1)

where V is a set (of vertices) and E0, E1 ⊆ V ×V \{(v, v) | v ∈ V } are disjoint sets (of nonreflexive

directed edges). A subgraph of (V,E0, E1) is any graph of the form (V ′, E′
0, E

′
1) such that V ′ ⊆ V

and E′
i = Ei∩(V ′×V ′) for each i ∈ 2. We will refer to the digraph (V,E0∪E1) without edge-colours

as the colourblind companion to (V,E0, E1). If v, w ∈ V are vertices of a digraph (V,E) then we

write v → w as a shorthand for (v, w) ∈ E. In case of 2-digraphs (V,E0, E1) we write v
i→ w as a

shorthand for (v, w) ∈ Ei.

In our case, the vertices will be conditionally convergent series, and the two ‘colours’ of edges

are of course given by Epush and Erepel. Our goal is to find a specific 2-digraph that is realised by

some series and their mutual pushing and repelling, such that the digraph cannot be partitioned

into two subgraphs whose vertices can be coloured consistently with respect to the pushing and

repelling relations.

Definition 4. A 2-colouring of a 2-digraph (V,Epush, Erepel) is a function h : V → 2. We say that

h is consistent with (V,Epush, Erepel) if for every v, w ∈ V with v push w we have h(v) = h(w), and

for every v, w ∈ V with v repel w we have h(v) ̸= h(w). Let us call a 2-digraph colourable if it has

a consistent 2-colouring.

Let me now reproduce my line of thinking by giving an examples of digraphs that do not work,

that is, digraphs that can be partitioned into two colourable graphs.

It is easy to see that a digraph with two layers can always be partitioned into two colourable

subgraphs: simply partition into its two layers, then, at least intuitively, the series in each layer are

independent of each other an can all be sent to infinity. Thus we need three layers. My first idea

was to combine two copies of the original digraph with a third layer added to the left.

It is not clear to me that indecisive digraphs (that contain multiple paths between the same

vertices) can be realised, so I tried to avoid this from happening:
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a1 a2 a4a3

b1 b2 b3 b4

c1 c2 c3 c4

However, I realised that there exist easy partitions, regardless of how the edges between the

a-layer and the b-layer are coloured (between push and repel): one could put everything that a1

can reach into one part, and put the rest in the other part:

a1 a2 a4a3

b1 b2b3 b4

c1 c2 c3 c4

Both of the above subgraphs can be coloured, and in fact for any alternative edge-colouring. The

problem appears to be that after removing everything reachable for a1, the remaining part is not

connected enough to get a contradiction.

Let me introduce two types of 2-digraphs with only two layers that are not colourable.

a1 a2

b1 b2

Type I

a1 a2 a3

b1 b2 b3

Type II

The Type I graph is of course the familiar graph we extracted from Theorem 2. For both

graphs, note that as long as an odd number of edges are “pushing” (and thus an odd number are

“repelling”), then there exists no colouring. One way to see this, is to notice that if we follow

around the edges in a path visiting all the vertices, then the colour of the vertices would have to

switch an odd number of times before landing back where one started, meaning the starting vertex

must be both colours, an impossibility.

Now, to expand on the earlier idea, let us see what happens when we take three copies of the

graph of Type I, and let the a-layer be generated such that each ai pushes or repels exactly one of

the two b-layer pairs for each of the three graphs of Type I. The whole graph looks like this:
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a1 a2 a3 a4 a5 a6 a7 a8

b1 b2 b3 b4 b5 b6

c1 c2 c3 c4 c5 c6

If we focus just on the a- and b-layers, we can move things around to represent the relation of

these layers as a stellated octahedron, or if we connect the tips of the stellated octahedron, as a

cube whose vertices and faces are composed of the a- and b-layer, respectively:

a1

a2

a3

a4

a5

a6

a7

a8

b1

b2
b3

b4

b5

b6

a1

a2

a3

a4

a5

a6

a7

a8

b1

b2
b3

b4

b5

b6

I claim that this digraph has the property that there exists no partition into two parts such that

both parts are colourable. The proof will be a bit cumbersome, as we go by cases. To start, let me

highlight several subgraphs of vertices of Type I in our graph. There are of course three subgraphs

of Type I given by vertices purely from the b- and c-layers, for instance
{
b1, b2, c1, c2

}
. We will

call these Type Ibc. Another Type I subgraph consist of vertices purely from the a- and b-layers,

such as
{
a4,a8, b4, b6

}
, which we call Type Iab:

a1 a2 a3 a4 a5 a6 a7 a8

b1 b2 b3 b4 b5 b6

c1 c2 c3 c4 c5 c6

A secondary forbidden variation of a Type Ibc graph is any subgraph where either or both

of the vertices in the b-layer is replaced by a vertex that can reach it from the a-layer, such as
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{
a1, b2, c1, c2

}
or

{
a5,a7, c3, c4

}
. The reason is that we will construct our conditionally convergent

series such that ai push bj push ck or ai repel bj repel ck implies ai push ck, and ai push bj repel

ck or ai repel bj push ck implies ai repel ck, and so on. We will refer to such subgraphs as Type Ibc′

graphs:

a1 a2 a3 a4 a5 a6 a7 a8

b1 b2 b3 b4 b5 b6

c1 c2 c3 c4 c5 c6

The same applies to subgraphs of Type Iab, where we may obtain a variation by replacing either

(or both) of the vertices in the b-layer by a vertex reachable from it in the c-layer. For instance,{
a4,a8, b4, c5

}
. We call such subgraphs Type Iab′:

a1 a2 a3 a4 a5 a6 a7 a8

b1 b2 b3 b4 b5 b6

c1 c2 c3 c4 c5 c6

As for the Type II subgraphs, these are more easily discovered in the stellated octahedron

presentation of the a- and b-layers. The stellated octahedron can be viewed as two intersecting

tetrahedra, where the edges of each face of one of the tetrahedra form a subgraph of Type II. For

instance,
{
a2, b1,a3, b5,a5, b3

}
:

a1

a2

a3

a4

a5

a6

a7

a8
b1

b2
b3

b4

b5

b6

The final kind of forbidden subgraph will be called Type II′, and as with Type Iab′ and Type

Ibc′ it is a variation of subgraphs of Type II, resulting from replacing some of the vertices in the
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b-layer of a Type II subgraph by vertices reachable from them that are in the c-layer. For instance{
a2, c1,a3, c6,a5, b3

}
:

a1 a2 a3 a4 a5 a6 a7 a8

b1 b2 b3 b4 b5 b6

c1 c2 c3 c4 c5 c6

It is easy to check using symmetry that each of the possible subgraphs of Type Iab, Iab′, Ibc, Ibc′,

II and II′ are indeed forbidden graphs, in the sense that they present a relation between vertices of

the graph of Type I or Type II with an odd number of repelling edges.

We are now ready to prove that any partition of our graph into two parts, will have one of the

parts containing a subgraphs of Type Iab, Iab′, Ibc, Ibc′, II or II′. We do this on a case-by-case

basis. Let us colour one of the parts in the partition red, and the other one blue.

Case 1. Suppose there is a vertex in the a-layer such that all vertices it can reach in the

b-layer have the same colour. We will assume without loss that this colour is red. In the cube

representation, this is would mean that a corner of the cube as well as the three incident faces are

coloured red. Let us assume without loss of generality that these vertices are
{
a3, b1, b4, b5

}
:

a1

a2

a3

a4

a5

a6

a7

a8

b1

b2
b3

b4

b5

b6

If any vertex in
{
a1,a4,a7

}
is coloured red, then we obtain a red subgraph of Type Iab. For

instance, a1 being red implies
{
a1, b1,a3, b5

}
is a subgraph of Type Iab. Otherwise, we find that{

a1,a4,a7
}
are coloured blue.

If each of b1, b4 and b5 can reach a blue vertex in the c-level, for instance if
{
c2, c4, c6

}
are blue,

then those vertices together with
{
a1,a4,a7

}
form a blue subgraph of Type II′.
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a1 a2 a3 a4 a5 a6 a7 a8

b1 b2 b3 b4 b5 b6

c1 c2 c3 c4 c5 c6

Otherwise one of the pairs
{
c1, c2

}
or

{
c3, c4

}
or

{
c5, c6

}
is coloured red. Let us assume that{

c1, c2
}
is red. If b2 is red as well, we get a red subgraph

{
b1, b2, c1, c2

}
of Type Ibc:

a1 a2 a3 a4 a5 a6 a7 a8

b1 b2 b3 b4 b5 b6

c1 c2 c3 c4 c5 c6

Otherwise, b2 is blue. Note that if any of the a-level vertices that can reach b2 is red, then this

would provide a red subgraph of Type Ibc′, for instance if a6 is red, then
{
a6, b1, c1, c2

}
forms such

a subgraph:

a1 a2 a3 a4 a5 a6 a7 a8

b1 b2 b3 b4 b5 b6

c1 c2 c3 c4 c5 c6

Otherwise, we know that
{
a5,a6,a8

}
are blue. If also b6 or b3 is blue, we find a blue subgraph

of Type Iab, for instance
{
a6,a8, b2, b6

}
. This is perhaps easier to visualise using the stellated

octahedron:

a1

a2

a3

a4

a5

a6

a7

a8
b1

b2
b3

b4

b5

b6
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Otherwise, both
{
b3, b6

}
are red. If either of the pairs

{
c3, c4

}
or

{
c5, c6

}
is red as well, we

obtain a red subgraph of Type Ibc, for example
{
b3, b4, c3, c4

}
:

a1 a2 a3 a4 a5 a6 a7 a8

b1 b2 b3 b4 b5 b6

c1 c2 c3 c4 c5 c6

Finally, if this is not the case, and for instance
{
c3, c5

}
are blue, we find a blue subgraph of Type

II′, namely
{
a4,a6,a7, b2, c3, c5

}
:

a1 a2 a3 a4 a5 a6 a7 a8

b1 b2 b3 b4 b5 b6

c1 c2 c3 c4 c5 c6

This concludes Case 1.

Case 2. Every vertex in the a-layer can only reach vertices in the b-layer of the opposite colour.

This implies that every a-layer vertex has the same colour, which we will assume is red, and thus

every vertex in the b-layer is coloured blue:

a1

a2

a3

a4

a5

a6

a7

a8
b1

b2
b3

b4

b5

b6

From here it is fairly straightforward to find forbidden subgraphs. Firstly, if each of the

pairs
{
c1, c2

}
and

{
c3, c4

}
and

{
c5, c6

}
has at least one of the two elements red, for instance

if
{
c1, c3, c5

}
are red, then we get a red subgraph of Type II′, in fact many of them, for example{

a1,a4,a7, c1, c3, c5
}
. Otherwise, one of the pairs, say,

{
c1, c2

}
, is blue, which provides a blue

subgraph of Type Ibc, in this case
{
b1, b2, c1, c2

}
.
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Case 3. Every vertex in the a-layer can reach both red and blue vertices in the b-layer. Up to

symmetry there is only one way the vertices in the b-layer could be coloured, for instance we can

assume
{
b1, b2, b3

}
is blue and

{
b4, b5, b6

}
is red.

Since
{
b1, b2

}
is blue, if the pair

{
c1, c2

}
is blue as well, we find a blue subgraph of Type Ibc.

Similarly, if the pair
{
c5, c6

}
is red, there is a red subgraph of Type Ibc.

a1 a2 a3 a4 a5 a6 a7 a8

b1 b2 b3 b4 b5 b6

c1 c2 c3 c4 c5 c6

Otherwise either c1 or c2 is red and either c5 or c6 is blue. We will assume that c1 is red and c5

is blue. In case that the pair
{
a1,a2

}
or

{
a5,a6

}
is blue, or in case the pair

{
a4,a8

}
or

{
a3,a7

}
is red, we obtain a blue or a red Type Iab subgraph, e.g.

{
a1,a2, b1, b3

}
or

{
a3,a7, b4, b5

}
.

a1

a2

a3

a4

a5

a6

a7

a8
b1

b2
b3

b4

b5

b6

Otherwise, one of the elements of each of the pairs
{
a1,a2

}
and

{
a5,a6

}
is red and one of the

elements of each of the pairs
{
a4,a8

}
and

{
a3,a7

}
is blue. Moreover, since c1 is red, if one of

the pairs
{
a2,a4

}
or

{
a3,a4

}
or

{
a1,a3

}
or

{
a5,a7

}
or

{
a7,a8

}
or

{
a6,a8

}
is coloured red, we

would obtain a red subgraph of Type Iab′. Similarly, if one of the pairs
{
a1,a5

}
or

{
a1,a3

}
or{

a5,a7
}
or

{
a2,a4

} {
a2,a6

}
or

{
a6,a8

}
is coloured blue, we would obtain a blue subgraph of

Type Iab′.

If none of this is the case, we can decide quite a lot about the possible colours of the vertices

in the a-layer. One way to look at this, is to consider the abovementioned pairs as the edges of

the cube. The four edges that border the face given by b3 each need at least one red vertex as

endpoint, the four edges that border the face given by b4 each need at least one blue vertex, and

the remaining four edges (the ones connecting the face of b3 to the face of b4) need both a blue

and a red vertex. These requirements are presented below by drawing the abovementioned edges

with four red, four blue and four green dotted lines respectively.
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a1

a2

a3

a4

a5

a6

a7

a8

b1

b2
b3

b4

b5

b6

It is clear from this that the colouring of a1,a2,a5,a6 is mirrored by the colouring of a3,a4,a7,a8

in the sense that a1 is red if and only if a3 is blue, etc. Moreover,
{
a1,a6

}
is coloured red or

{
a2,a5

}
is coloured red. Let us assume the former without loss of generality, then

{
a3,a8

}
is blue.

a1

a2

a3

a4

a5

a6

a7

a8

b1

b2
b3

b4

b5

b6

Now, since the colouring so far is still symmetric, we may without loss of generality assume that

c3 is red. If a4 is red as well, we get a red subgraph
{
a1,a4,a6, b6, c1, c3

}
of Type II′. Also if a7

is red we get a red subgraph
{
a1,a6,a7, b5, c1, c3

}
of Type II′.

a1 a2 a3 a4 a5 a6 a7 a8

b1 b2 b3 b4 b5 b6

c1 c2 c3 c4 c5 c6
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Otherwise
{
a4,a7

}
is blue and thus

{
a2,a5

}
is red. But this gives us several subgraphs of Type

Iab′, for instance
{
a1,a2, c1, c3

}
.

a1 a2 a3 a4 a5 a6 a7 a8

b1 b2 b3 b4 b5 b6

c1 c2 c3 c4 c5 c6

This concludes Case 3.

It is easy to see that either Case 1 or Case 2 or Case 3 must hold, therefore we have shown

that for any colouring of the vertices into two colours, there is a forbidden subgraph of one of the

two colours.

Let me mention some additional questions about the push and repel relations:

Question 5. Let a, b and c be conditionally convergent series. If a push b push c or a repel

b repel c, then can we conclude a push c? And if a push b repel c or a repel b push c, then

a repel c?

Question 6. Let a, b be conditionally convergent series such that a push b push a. Can we

conclude for any X ⊆ ω that
∑

a ↾ tends to ±∞ if and only if
∑

b ↾ tends to ±∞?
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